Presumptive income taxes in the form of a tax on turnover for small and medium-sized enterprises are pervasive as a way to reduce the costs of compliance and administration. We analyze a model where entrepreneurs allocate labor to the formal and informal sectors. Formal sector income is subjected either to a corporate income tax or a tax on turnover, depending on whether their turnover exceeds a threshold. We characterize the private sector equilibrium for any given configuration of tax policy parameters (corporate income tax rate, turnover tax rate, and threshold). Given private behavior, social welfare is optimized. We interpret the first-order conditions for welfare maximization to identify the key margins and then simulate a calibrated version of the model. JEL codes: C61, H21, H25, H320, O17
Turnover taxes are widely used as "presumptive" or "simplified" income tax regimes for small and medium-sized enterprises (SMEs) to reduce the costs of tax compliance and administration. The rationale for this approach is that sales (turnover) are relatively easier to measure, record, and verify than profit.
As the fixed costs of complying with and administrating regular business income taxation makes the costs regressive, 1 presumptive regimes are intended for firms with sales below a threshold. However, a tax on turnover distorts the input choice of firms, unlike a well-designed tax on profits, thereby reducing productivity. Presumptive regimes are prevalent in developing and transition economies, but they are also used in developed countries, such as France, Italy, Portugal. Table 1 shows the thresholds and turnover tax rates currently in force in various countries. 2 There is significant variation in the observed turnover tax rates and thresholds for SMEs. For example, in Kenya, firms with a turnover below $49,000 are subjected to a turnover tax rate of 3% in lieu of the regular corporate income tax rate of 30%; in Seychelles the threshold and turnover tax rate are $74,000 and 1.5%; in Mauritania they are $85,000 and 3%; in Guinea the threshold is $16,500 with a turnover tax rate of 5%, while in Belarus they are $625,000 and 5%. 3 Despite the prevalence of turnover taxes for SMEs, there is little theoretical guidance for determining the optimal threshold separating the presumptive and regular tax regimes, nor on the relationships between the threshold and the tax rates on turnover and corporate income. A very commonly advocated rule of thumb for the threshold of the presumptive income tax regime is to use the VAT threshold. The logic is that firms large enough to comply with the bookkeeping requirements of the VAT ought also to be able to comply with business income taxation. However, the optimal threshold for income taxation 1 For taxpayers, there is the time spent on bookkeeping tasks related to tax compliance and the cost of purchasing specialized accounting software. For the authorities, the cost of enforcing tax collection by visits to the premises and audits is largely independent of the amount of tax due. 2 There can be additional eligibility criteria for the presumptive regime and in many countries a company below the threshold can elect to be subjected to the regular regime. For example, in Belarus firms in the simplified regime can have a maximum of 50 employees and can elect for the regular corporate income tax regime. In some cases, only unincorporated businesses are eligible. For example, in France the simplified regime is available only to unincorporated sole proprietors and partnerships. 3 is driven by various margins that are not the same as for the optimal VAT. One such consideration is the gap between the regular corporate income tax rate and the presumptive tax rate on sales. A "good practice" recommendation in reports by international organizations is that the effective tax rate on income, implied by the turnover tax, should be more onerous at the threshold than the burden under the regular tax, in order to encourage firms to "graduate" to the regular system. But this advice neglects the cost of tax compliance, the avoid-ance of which is the very purpose of the presumptive regime. Another common policy recommendation is that the presumptive tax should be "neutral," in the sense of equalizing the after-tax profit margins across tax regimes. However, in any interior equilibrium there will, by definition, be some firms that are indifferent between the two tax regimes, so that the recommendation for setting the optimal policy is vacuous without a detailed model, unless it is assumed that all firms have identical pre-tax profit margins. At the same time, moreover, care must be taken in setting the turnover tax rate, so as not to push firms in the presumptive system down into the untaxed but low-productivity informal sector, or, in some cases, into a fixed tax regime ("patent system") intended for subsistence self-employment activities (Coolidge and Yilmaz, 2016) . Thus, the optimal design of a presumptive tax regime is a complex issue.
This paper is the first to study the optimal sales threshold separating the presumptive and regular corporate income tax regimes and the corresponding optimal tax rates. We identify the key margins determining the welfare optimum and show how the optimal policies vary with the marginal cost of public funds, with administrative costs, and with productivity shifts. Additionally, we show how the optimal threshold and turnover tax rate are affected by changes in the corporate income tax rate. Our study is related to several strands of the literature. First, our analysis of an optimal turnover threshold separating two tax regimes is complementary to Keen and Mintz (2004) on the VAT threshold and Dharmapala et al. (2011) on the threshold between a tax on sales and a fixed fee regime, while contributing to our understanding of the behavior of firms confronted by "notches" in tax schedules Waseem, 2013, Kanbur and Keen, 2014) . Important differences with Kanbur and Keen (2014) are our inclusion of an intensive margin and our characterization of not only the optimal threshold, but also the optimal tax rates. While solutions for the optimal threshold can be derived in the absence of behavioral responses, akin to the "benchmark" in Kanbur and Keen (2014) , marginal adjustments are crucial for interior solutions of optimal tax rates. Best et al. (2015) analyze a related tax system, whereby firms are taxed on profits, provided the tax liability is greater than an alternative minimum tax levied on turnover. The purpose of the minimum tax is to reduce the opportunity for evading the corporate income tax. The turnover tax in this case does not economize on compliance costs, since every firm must calculate and report its liabilities under the regular regime.
The structure of our model resembles the model of Keen and Mintz (2004) , except for an important distinction. While the heterogeneity of firms in Keen and Mintz (2004) stems from differences in productivity, in our model the heterogeneity is in terms of marginal costs of production. This is crucial for studying turnover taxes, because it is precisely the non-deductibility of costs that generates the inefficiencies associated with turnover taxation. Thus, an interesting finding arising from adjustments along the intensive margin in our model is that, depending on the tax rates and the size of compliance costs, both the higher-cost firms and the lower-cost firms may choose production levels that locate them in the presumptive regime, leaving only middle-cost firms in the regular regime.
The heterogeneity of firm's marginal costs in our model also makes it suitable for considering the effects of another approach used to simplify taxation for small businesses, in which a turnover threshold is used to separate larger businesses subject to VAT and smaller businesses subject to an alternative turnover tax system in lieu of registering for VAT (Zu, 2018) .
Our main findings from benchmark simulations are that the optimal threshold is between about $100,000 and $150,000, depending on the corporate income tax rate, and the optimal turnover tax rate is close to 3%. However, the optimal policy varies with the average value-added of the firms in a country. We find that the optimal turnover tax rate is higher, while the optimal threshold is lower, for Sub-Saharan Africa. Comparing our results with actual the practices described in Table 1 , many countries have appropriate policies, but others deviate substantially from our prescriptions for welfare maximization. We are also able to calculate optimal corporate income tax rates simultaneously with the optimal turnover tax regime.
The paper is structured as follows. Section 2 provides the basic description of the model. Section 3 contrasts the theoretical properties of the corporate income tax and the turnover tax by supposing that only one regime is used.
Section 4 analyzes the choices of firms when the presumptive and regular tax regimes coexist. Section 5 examines the first-order conditions of the social welfare function with respect to the threshold and tax rates, given the private sector equilibrium responses. Section 6 provides numerical simulations of the optimal policies for a benchmark case and for countries at differing levels of economic development. Section 7 concludes. Proofs are in Appendix 1 unless they follow directly from the discussion.
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We assume that every individual allocates one unit of labor time between an amount L for production in the formal sector and 1 − L for production in the informal sector. Two linear tax regimes are considered for the income earned in the formal sector. In the regular regime, the cost of the intermediate input is tax deductible, with formal-sector profits taxed at the rate t c < 1, while in the presumptive regime the tax rate is t < 1 and costs are not deductible. Thus, the regular regime represents a corporate income tax and the presumptive regime corresponds to a tax on turnover. Firms with sales inferior to a fixed threshold Z are placed in the presumptive regime. Finally, it is assumed that an individual subjected to the regular regime faces a fixed compliance cost Γ ≥ 0 and imposes a fixed administrative cost A > 0 on the tax authority. For simplicity, we abstract from the compliance or administration costs associated with the presumptive regime. Adding these fixed costs to the model is straightfor- 4 More generally, a time endowment can be fixed at T > 0 hours. 5 Similarly to Keen and Mintz (2004) , an alternative interpretation of the model makes the reference to "firms" more natural. The variable L can be thought of as the amount of capital a firm invests in the taxed sector, subject to a fixed required rate of return, represented by w. Aside from an irrelevant constant stemming from the fixed time endowment, this interpretation gives the same formal structure as the self-employed labor model that we have described. In this case, however, no inferences can be drawn about the prevalence of informal activities, since 1 − L is not constrained to be positive.
ward, but by assumption they must be lower than the corresponding costs of the regular regime. We can represent net profits by
where the "net price" is
and I R is an indicator function, which equals 1 when the firm is subjected to the regular regime and 0 if it is in the presumptive regime.
Ignore the sales threshold for the moment. The first-order condition for unconstrained profit-maximization by a type-c firm in a given tax regime is
with the net price ρ being a function of c via (2) . The second-order condition, ρf (L * ) < 0, requires ρ to be positive. Let L(ρ) ≡ L * and define the optimized profit function using (3) and (1) as
and let
Since informal sector activities are untaxed, the minimum net profit of a firm in the regular regime is π R = w − Γ (obtained by setting L = 0, which becomes optimal as t c approaches unity). 6 Similarly, a firm in the presumptive regime may encounter a tax rate t such that its net price, p P , is negative. In this case, the solution for L * given by (3) would violate the second-order condition. Such a firm would choose the corner solution of retreating entirely to the informal sector 6 An alternative assumption would be that the compliance cost is escaped when the firm chooses L = 0. This would introduce a kink in the profit function of firms in the regular regime. However, the alternative assumption does not affect our findings on the optimal policies.
with L * = 0 and earn w (recall there is no compliance cost for the presumptive regime).
Observe that, at interior solutions for L * ,
where (7) uses the envelope theorem and the inequality in (8) is implied by the differential of (3) and the strict concavity of the production function. Hence, the profit function is an increasing and strictly convex function of the net price.
However, the effect on ρ arising from changes in c will generally differ between the two regimes, due to the lack of deductibility of costs under presumptive taxation. To consider this relationship, rewrite the optimized profit function directly as a function of c, π * (c), and calculate its derivatives, as follows:
where the linearity of the tax systems (d 2 ρ/dc 2 = 0) is used in deriving (10) and the relationship between cost and the net price (dρ/dc) is given by
The signs of the derivatives (9) and (10) follow from (7)- (8) and (11)- (12) . Now consider the effect of the sales threshold, whereby firms face the presumptive tax only if their sales are below the threshold. It may cause some firms to achieve a constrained profit maximum by producing just below the threshold (but arbitrarily close toZ) while facing the presumptive tax, or producing exactly at the threshold while facing the regular tax. We examine these situations later.
On the demand side, for simplicity, all individuals are assumed to have identical quasi-linear preferences, defined over the two final goods, with all income effects attached to the informal-sector good. Since p is fixed on world markets, individual demand for the formal-sector good x(p) is independent of tax policy.
Tax revenues, net of administrative costs, are used to pay for public expenditure G, which is assumed to generate a constant marginal utility, δ > 1. 
The model delivers optimal values for t, t c andZ simultaneously. We shall also consider how t andZ should vary with the regular regime tax rate t c , taking the latter variable as exogenous. This will allow us to comment on optimal reforms to a presumptive regime when the corporate income tax rate is taken as a given, but not necessarily at its optimal value; such partial reforms appear common in practice. Before proceeding to an analysis of the optimal threshold, it is interesting to contrast the presumptive and regular tax regimes, if all firms were placed in a single tax regime.
Comparing the presumptive and regular regimes
We first consider the simple case in which all firms are placed in a single fiscal regime. The comparison is useful for identifying the benefits and costs of each type of tax. Observe that, if there were no variation in the unit cost c across firms (i.e., if H(c) were a degenerate distribution), then, for any value of t c , there would be an equivalent value of t, such that p P = p R and L P * = L R * . In that case, clearly the presumptive regime would dominate the regular regime, because of the compliance and administrative costs associated with the regular regime. However, when there is dispersion in the unit costs, there can be no value of t that is equivalent to t c for every firm. Thus, as a result of the nondeductibility of costs in the presumptive regime, the output of many firms in the presumptive regime will be distorted, which results in a loss of social welfare. 9 These observations are illustrated with the square root production function f (L) = L 1/2 , which allows us to solve explicitly for the optimal tax rate in each regime and to show how welfare in the presumptive regime is a decreasing function of the variance of unit costs.
All firms are in the regular regime
With a square root production function and all firms placed in the regular regime, individual firms' profits and net tax payments, along with social welfare, are given by the expressions:
From the first-and second-order conditions for welfare maximization, we obtain the optimal tax rate in the regular regime, t c * .
Lemma 1
The optimal tax rate in the regular regime is an increasing function of the marginal value of public funds and is independent of the distribution of unit costs. It is given by
All firms in the presumptive regime
When all firms are placed in the presumptive regime, the solutions for the same variables as above are:
Maximizing SW P with respect to t yields the optimal presumptive tax rate, t * .
Lemma 2
The optimal tax rate in the presumptive regime is an increasing function of the average profit margin and is smaller than the optimal tax rate in the regular regime. It is given by
The average profit margin is (p − E(c))/p. The last equation implies that 0 < t * < t c * , since p > E(c). 10 
Comparison of welfare between the assigned regimes
Substituting the optimal tax rates t c * and t * into (16) and (19), respectively, yields the maximized social welfare functions. The difference between the maximized values of SW R and SW P is given by following proposition.
Proposition 1 With a square root production function, the difference between social welfare in the regular regime and the presumptive regime is increasing in the variance of the unit costs σ 2 , but decreasing in both the fixed compliance and administrative costs. Depending on these two forces, either regime could be optimal, if only one regime is possible and tax rates are linear. The welfare difference is given by
Hence, the presumptive regime works best when there is little dispersion in the unit costs of firms, or, more generally speaking, in their profit margins.
This observation can justify the common practice of categorizing firms in the presumptive regime by their types of economic activities and applying different tax rates to each category. Doing so reduces the variance of costs in each category, but it also makes the tax system more complex and may increase the cost of administering it. 11 We now analyze the tax structure in which only firms with sales below some thresholdZ are subjected to the presumptive regime, while firms with sales at or aboveZ are obliged to be in the regular regime. We proceed by characterizing the private sector equilibrium for an arbitrary policy triplet {t, t c ,Z}. This means determining every firm's production optimal level, given the threshold and the tax rates the firms would face. This is accomplished in several steps. We calculate the desired sales levels of firms at each tax rate, t c and t, and compare these sales outcomes with the turnover threshold,Z, to characterize the choices effectively available to each firm. Comparisons of profit under the alternatives then determine each firm's optimal production decision. Thus, given the tax policy and the resulting market equilibrium, social welfare can be computed and the government, proceeding in this manner, searches for a global optimum.
Of particular interest in the characterization of the behavior of firms is the possibility that some will "bunch" at, or just below, the sales threshold.
Partitioning the distribution of firms
To analyze the effect of the threshold on the behavior of firms, according to their unit costs, it is convenient to transform the profit function to express it in terms of sales. That is, maximizing (1) by choosing L is equivalent to choosing
in which Z = pf (L) and f −1 (Z/p) = L is the inverse of the production function.
The desired sales level Z(ρ) ≡ Z * solves the first-order condition
the questions addressed in our paper. Since every firm in their model has an identical unit cost, p P will be the same for every firm. Given t c , a unique value of t exists that makes p P = p R for every firm. Thus the presumptive regime must dominate the regular regime in their model, due to the fixed costs associated with the regular regime.
Differentiating (22) and using the properties of inverse functions, the desired sales function is decreasing in the unit cost c:
since dρ dc < 0 and f < 0. A simple illustration of the desired sales curves and profit functions is provided by the square root production function f (L) = L 1/2 :
and
Since ρ is a linear function of c and from (24) 
The desired sales functions characterized by (22) and illustrated with (26)-(27) can be used to construct four mutually exclusive sets of unit costs that exhaust the domain of H(c). These sets are determined by whether the desired sales level of a given firm with unit cost c is below or above the thresholdZ.
We will say that a firm is "constrained" by the threshold, if its desired turnover, when facing the presumptive tax, exceeds the threshold permitted for firms in the presumptive regime; or, if its desired turnover, when facing the regular tax regime, is below the threshold. Given any policy {t, t c ,Z}, the four sets are Similarly, the values of c and c can be constructed for the cases where Z R has a higher intercept than Z P (corresponding to t c < t) or the lines do not intersect in the interior of the space. We omit these analyses for the sake of brevity. In Figure 1 , it can be seen that firms in the segment [0, c ) would, if they are in the regular regime with the given tax rate t c , desire a level of sales exceeding the thresholdZ. Hence, their optimal sales in the regular regime is unconstrained by the threshold. However, firms [c , 1] are constrained in the regular regime, in that their preferred sales level is below the threshold.
In the presumptive regime, the segment [0, c ] is constrained by the threshold, because the threshold level of sales is inferior to their preferred sales level when facing the given presumptive tax rate t; firms in [c , 1] are unconstrained in the presumptive regime, because their preferred level of sales is below the threshold.
In Figure 2 , the situation is slightly different, because c lies to the right of c .
We have
• Case A: shown in Figure 1 
From the discussion of Figure 1 , the sets S 1 to S 4 corresponding to Case A are given by choice by comparing the corresponding profits. There are four types of profit functions associated with the output choices of firms :
is the labor supply that makes sales just equal to the threshold. The profit π B (p P ) corresponds to firms that "bunch" just below the threshold. If their sales were any higher, they would have to switch to the regular regime. Similarly, π A (p R ) is the profit of firms in the regular regime, who bunch at the threshold. If their sales were any lower, they would be obliged to face the presumptive tax regime. 12 Each firm compares the profits it can earn from alternative choices of tax regime and sales level. This is done with profit-difference functions, as follows. 4. The graph of D 4 (c) is strictly quasi-concave and has at most two real roots.
If the roots are imaginary, then all firms in S 4 choose the presumptive regime.
The quasi-concavity or convexity of the profit-difference curves (except for linear case, D 2 ) can give rise to situations where the curves have a humpshape or an inverted hump-shape, respectively. Take, for example, the case of D 3 (c) = π R (c) − π P (c). It is an increasing function at low values of c if dD 3 (0)/dc > 0. 14 However, it eventually starts decreasing, because π P flattens as p P approaches 0; meanwhile, π R continues to decline with c, since p R > 0 and dp R /dc < 0 for all c. Thus, D 3 would initially rise, reach a peak, and then fall, yielding two possible real roots for D 3 (c) = 0.
The profit-difference curves can be superimposed on the corresponding sets S 1 , S 2 , S 3 , and S 4 , with the roots of the functions used to characterize the equilibrium choice of each firm c ∈ [0, 1]. To illustrate the approach, consider again the case of D 3 = π R − π P and assume it has a hump-shape. Define c l and c h as the lower and upper roots of D(c), respectively. 13 The sufficiency condition is weaker than requiring f (L(ρ)) to be strictly concave in ρ (i.e., 2(f ) 2 − f f > 0), which is satisfied by standard production functions, such as the exponential, the logarithmic, and the quadratic forms of f (L).
14 When f (L) = L α , the parametric condition for dD 3 
Proposition 3 If the profit-difference curve π R (c)−π P (c) is hump-shaped with real roots c l and c h , then 1. ∀c ∈ [0, c l ), π P > π R ⇒ firms are better off in the presumptive regime 2. ∀c ∈ [c l , c h ], π R ≥ π P ⇒ firms are better off in the regular regime 3. ∀c ∈ (c h , 1], π P > π R ⇒ firms are better off in the presumptive regime
To ensure that the roots are confined to the unit interval, in the statements
The following lemma shows how to apply these observations. The proposition records an interesting and novel observation: both the relatively low-cost and the relatively high-cost firms can prefer the presumptive regime, with only the middle-cost firms preferring the regular regime. Intuitively, non-deductibility is unimportant for low-cost firms and hence they will favor the presumptive regime, either to avoid the compliance cost of the regular regime or because t c > t. At the other end of the cost spectrum, high-cost firms have relatively small operating profits and so they will tend to prefer the presumptive regime to avoid the fixed compliance cost. It is the middle cost firms that are confronted with an important tradeoff between the non-deductibility of costs in the presumptive regime and the cost of compliance in the regular regime. If, instead of having a hump-shape, the profit-difference curve is monotonically decreasing, then there will be a single root, which will again partition the firms in an obvious way. In general, it will be clear from the graphs of the various profit-difference curves how firms in each of the different segments of [0, 1] behave (in terms of labor supply and hence of sales) for any given tax policy.
To illustrate further, consider the case of f (L) = L 1/2 . The profit-difference D 3 (c) is then a quadratic function, over the interval of costs for which p P (c) ≥ 0:
For the interval of costs for which p P (c) < 0 and hence π P = w, the profitdifference curve in that case is simply
The roots of (28) are
Real roots exist if and only if Γ ≤ Γ , where
Suppose the compliance cost is Γ = 0. The two roots in (30) become: provide graphs of the profit-difference curves for the sets S 1 (c), S 2 (c), S 3 (c), and S 4 (c), associated with Case A and Case B, respectively. Observe that the profitdifference curves corresponding to each segment can be "stitched" together to form a continuous curve. To see this, recall that S 3 is empty in Case A, so D 3 becomes irrelevant. The curves D 1 and D 2 are therefore joined, using the fact that π R = π A at the unique cost at which the desired sales curve equals the threshold, Z R (c ) =Z. Similarly, D 2 is joined to D 4 at the cost level at which π P = π B (c ). In Case B, S 2 is empty and D 2 becomes irrelevant. Then, D 1 is joined to D 3 where π P = π B (c ) and D 3 is joined to D 4 where π R = π A (c ). Thus, we can speak of an overall profit-difference curve as the outcome of joining the specific profit-difference curves over the S 1 , S 2 , S 3 and S 4 segments of the unit interval. Figure 6 , which is analogous to Figure 5 in the previous section, except that there is now a single root, denoted by c 1 , for the overall profit-difference curve. The welfare function in the neighborhood of this optimal policy can then be constructed using the variables c and c 1 from Figure 6 as limits of integration. 16 The aggregate net 16 Note that c 1 is the lower root of π R − π B = 0, which determines which firms in the set S 1 for Case B will choose the regular regime versus bunching below the threshold. In Figure 6 ,
, c ] and firms in [0, c 1 ) are unconstrained in the regular regime, while those in [c 1 , c ] choose to be constrained just below the threshold; the set S 2 is empty, while in S 3 ≡ [c , c ] and S 4 ≡ (c , 1] all the firms prefer to be unconstrained by the threshold in the presumptive regime over any alternative behavior. The equilibrium depicted in Figure 6 can be referred to as R-B-P, meaning that relatively low-cost firms (c ∈ [0, c 1 )) are unconstrained in the regular regime (R), mid-cost firms (c ∈ [c 1 , c ]) bunch just below the threshold (B), while higher-cost firms (c ∈ (c , 1]) are unconstrained in the presumptive regime (P). profit function is given by
where µ(Z) is the labor supply at which a firm's sales equals the threshold. The first term on the right-hand side of (33) is the net profit of firms in the regular regime; the second term is the net profit of firms just below the threshold; the third term is the net profit of firms unconstrained in the presumptive regime.
Government spending is given by The first term on the right-hand side of (34) is the tax revenues in the regular regime, net of administrative costs; the second term is the tax revenues collected from the firms just below the threshold; the third term is the revenue generated by firms in the presumptive regime that are unconstrained by the threshold.
Social welfare can be written in terms of these aggregates as,
where V (p) is the aggregate consumer surplus from sales in the formal sector, which is a constant and hence of no consequence for the welfare optimization.
The first-order condition for welfare-maximization with respect to the threshold Z can be rearranged to obtain the following result.
Proposition 4
The optimal threshold is characterized by:
where µZ ≡ dµ/dZ. The left-hand side of (36) (in absolute value) is the net effect along the extensive margin (EM) that results from raising the threshold by $1, while the right-hand side is the net effect along the intensive margin (IM) of raising the threshold by $1. At the optimum, the extensive and intensive margins are balanced. 17 The extensive margin refers to the change in welfare arising from the relocation of some firms from the regular regime toward bunching just below the threshold in the presumptive regime. In contrast, the intensive margin refers to the change in welfare from the increased threshold, holding the mass of firms in each regime constant. Beginning with the extensive margin, on the left side of (36), the mass of firms moving from the regular regime to now bunching below the threshold is h(c 1 )(dc 1 /dZ), where dc 1 /dZ is the leftward shift of c 1 in Figure   6 and h(c 1 ) is the density of firms at c 1 . 18 This shift in mass is multiplied by the total tax revenue change per affected firm: t c (p − c 1 )f (L(p R (c 1 ))) − A is the tax revenue forgne in the regular regime, net of savings of administrative costs, while tZ is the gain from the presumptive tax on each new "buncher." Turning to the intensive margin, the first term on the right side of (36) is positive and represents the gain in production efficiency: when the threshold is increased, firms that used to bunch below the threshold would expand their output. 19 The second term is the extra tax revenue in the presumptive regime directly due to the higher threshold: every firm previously bunching in the presumptive regime 17 Letting dSW/dZ = EM + IM = 0, the optimum requires −EM = IM . 18 Since firms constrained below the threshold desire to expand sales, their profits rise as Z is raised. At the same time, the profits of firms unconstrained in the regular regime are unaffected by the threshold. Consequently, π R (c) − π B (c), which has an inverted hump-shape (i.e., a parabola that opens upward in the square root production function case), must sink at every c, asZ increases. c 1 is the lower root of the profit-difference curve D 1 ; hence, dc 1 /dZ < 0.
19 Recall thatZ = pf (µ(Z)) and hence µZ = 1 pf . In equation (36), all firms with cost between c 1 and c are constrained by the threshold and would choose, in its absence, to produce more. So, for them, p P f − w > 0 and it follows, after substituting in the expression for µZ , that p P p − wµZ > 0.
(i.e., the mass of firms with unit costs between c 1 and c ) pay an additional t × $1, with the increased tax revenues weighted by the marginal utility of public spending. 20
The first-order condition for welfare with respect to the presumptive tax rate t gives the following result. 21
Proposition 5
The optimal t is characterized as:
The left side of (37) (in absolute value) is the effect along the extensive margin of increasing the presumptive tax rate t and the right side is the effect along the intensive margin. When t increases by 1%, the mass h(c 1 ) dc1 dt of firms with cost c 1 , who previously stayed just below the threshold, would now move to the regular regime, 22 resulting in a welfare change equal to δ times the net revenue gain in the regular regime, t c (p − c 1 )f (L(p R (c 1 ))) − A, minus the revenue loss from the former "bunchers," tZ. As for intensive margin, the first pair of terms on the right-hand side of (37) gives the welfare change due to the increased revenues from both the bunchers and unconstrained firms in the presumptive regime, respectively, while the last term is the welfare loss from the lower tax revenues caused by the reduction in the output of the firms in the presumptive regime, 23 as a result of the increased tax rate. In summary, Propositions 4 and 5 can provide guidance on tax reforms. Consider the impacts of slightly raising t from a given level. The following effects must be considered. 20 Note that the compliance cost, Γ, does not explicitly enter the social welfare first-order conditions, because the marginal firm, c 1 , already balances the discontinuous gain in net profit in moving to the regular regime with the compliance cost incurred. 21 For brevity, we omit from the discussion the first-order condition with respect to the regular tax rate t c . Thus, the results can be interpreted as optimizing welfare by choosinḡ Z and t for a given value of t c . The first-order condition with respect to t c is given in the appendix.
22 π R (c) − π B (c) has an inverted hump shape and π R is independent of t, while π B is decreasing in t. Consequently, an increase in t lifts the graph of the profit-difference curve, making c 1 shift to the right. Hence, dc 1 /dt > 0. 23 The term, −tp 2 f dL dp P , stems from tp(f dL dp P dp P dt ) with dp P dt = −p. It can also be written as the product of sales and the elasticity of output with respect to the presumptive tax rate:
1. The net revenue change from the firms switching to the regular regime.
2. The greater administrative costs generated by the firms switching to the regular regime.
3. The tax revenue gain from firms that remain in the presumptive regime.
4. The reduction in the output of firms in the presumptive regime.
The weight δ applies to the net change in tax revenues arising from shifts in the equilibrium allocation of firms or from changes in their output, while the weight (δ − 1) is applied when firms pay more of their current profits as tax revenues.
The proportion of firms switching from bunching just below the threshold to entering the regular regime (point 1) and the efficiency loss from raising the presumptive tax rate (point 4) are require empirical estimates (elasticities).
Numerical simulations
For quantitative insights, we calibrate a numerical simulation model to replicate the broad characteristics of an economy with both regular and presumptive regimes. The production function is f (L) = βL α and parameter values are selected such that: the average value added of a firm is about $120,000; 24 there is some bunching of firms just below the optimal threshold; 25 and the compliance cost is about 0.6% of the average turnover of firms in the regular regime. 26
It is also assumed that there are modest fixed compliance and administration costs for the presumptive regime. The prices of output in both the formal and informal sectors are set to 1 dollar. The distribution of firms' unit costs is H(c) = 0.2c 2 + 0.8c 3 , with c ∈ [0, 1], capturing the preponderance of relatively high cost firms in most economies and generating a ratio of average value-added 24 The figure corresponds, e.g., to the value added per firm in Latvia, of 106,369 euro in 2017 (see European Commission, 2018). 25 Bruhn and Loeprick (2016) provide evidence of bunching below the thresholds of the turnover tax regimes in Georgia. 26 Corporate income tax compliance cost is between 0.05% and 15% of taxable turnover in developing and transition economies (Sapiei et al., 2014) . Surveys of companies in Armenia and Ukraine suggest compliance costs comparable to our calibration for turnovers in the range of $150,000 to $1 million (Engelschalk and Loeprick, 2015) . To fix A, we used the ratio of administrative cost to taxpayer compliance cost, based on estimates for VAT reported in Keen and Mintz (2004) .
to sales equal to 26%. The marginal value of public funds is set to 1.3. A summary of the baseline parameterizations is in lower-left cell of Table 2 . 27 Table 2 reports the optimal turnover tax rate and the optimal threshold at corporate tax rates ranging (exogenously) from 11% to 29%. The row entitled "Placement of firms" shows the tax regimes firms choose (implicitly through their sales level) starting from the lowest cost segment of firms to the highest cost segment. 28 When the corporate tax rate is low (t c = 14%), the regular regime is not worth the compliance/administrative costs and the optimal threshold is very high, with all firms allocated to the presumptive regime. If t c is raised to 17%, there is bunching there is bunching just below the threshold. Increasing the corporate tax rate in steps from 17% to 26%, the optimal threshold falls and the optimal turnover tax rate rises. 29 Eventually, when t c is high enough (t c = 29%), the distortion induced by the corporate income tax makes it optimal to again have all firms in the presumptive regime by setting an elevated threshold.
The last set of rows in Table 2 provide the global optimum at the baseline parameter values and the comparative statics analysis. The overall optimal policy occurs when the corporate income tax rate is 20.9% and the optimal turnover tax rate is 2.7%, while the optimal threshold is $118,000 and about 9% of firms bunch just below the threshold. 30 A slight increase in the cost of compliance and administration (Case 1: Γ = $1900 and A = $1900/3) leads to an increase in the optimal threshold, as well as an increase in the presumptive tax rate and a decrease in the optimal corporate tax rate. A slight increase in the marginal value of public funds (Case 2: δ = 1.35) leads to a decrease in the threshold, accompanied by an increase in both the corporate tax rate and the turnover tax rate. A slight increase in the productivity parameter β (Case 3: β = 850) leads to an increase in the threshold, a decrease in the presumptive tax rate and an increase in the corporate tax rate. 27 In table 2, Gamma and A refer to the compliance and administrative costs in the presumptive regime.
28 At the calibration used for Table 2 , there is no case of multiple equilibria at the optimal policy. 29 Raising the corporate tax rate makes bunching attractive for more firms, resulting in lost revenue. Lowering the threshold and increasing the turnover tax rate both serve to counter the incentive to bunch below the threshold. 30 Though not shown in Table 2 , the before-tax operating profit margins of firms bunching just below the threshold varies from 9% to 12% at the equilibrium. This shows the difficulty of applying the conventional wisdom, that the tax rates should be chosen to equalize the net returns of the marginal firm across tax regimes. When firms are heterogeneous, there is no unique profit margin on which to base the calculation of net returns.
Going beyond comparative statics, in Table 3 we fix the corporate income tax rate at 20% and consider how the optimal threshold and turnover tax rates vary at significantly different levels of economic development. However, such an exercise can only be taken as suggestive, rather than definitive, as we do not recalibrate the whole model for each country. Instead, we simply adjust the production function's shift parameter, β, to control the level of productivity in the economy. In reality, richer or poorer countries, relative to the baseline, likely have quite different distributions of firms in terms of marginal costs and their governments will have different marginal values of public funds. But there is insufficient data on most developing countries to calibrate individually and, moreover, attempting to do so could obscure the impacts of the different parameter configurations on the country-specific optimal tax policies. We take the following approach instead. The parameter β is adjusted to achieve a target level of average value added per firm. As we do not have systematic data on the value added per firm for countries outside of the EU, we use data on GDP per person employed from the ILOSTAT database of the International Labour Organization to shift the value added per firm proportionately, relative to our benchmark simulation. We do this for three categories of countries, based on their group average, as reported in the ILOSTAT data: Sub-Saharan Africa, Latin America, and the Euro area, in ascending order of GDP per person employed. As Table 3 shows, the lower the average value added per firm, the lower is the optimal threshold and the higher is the turnover tax rate. The result for Sub-Saharan Africa stands out, as the optimal turnover tax rate is high, at 6.9%, and a large proportion of firms are in the presumptive regime (including those bunching below the threshold), despite a relatively low threshold. These results are not unrealistic. For example, in Madagascar, firms with sales below $56,000 face a turnover tax rate of 5%, while the corporate income tax rate is 20%. Turnover-based presumptive business income tax systems are very common in developing and transition economies, where the compliance and administrative costs associated with corporate income taxation are highly regressive. In several OECD countries, including France, Italy, and Portugal, turnover taxes are applied to sole proprietorships meeting the sales threshold. This paper is the first to provide a theoretical analysis of the optimal turnover threshold and tax rate. The analysis provides insights on the key margins for setting the turnover threshold and tax rate, in relation to the corporate income rate, the importance of revenues for the government, and the size of compliance and administrative costs. A calibrated model suggests an optimal turnover tax rate of between 2 and 3 percent, with a threshold of around $120,000, with some variation for countries at different levels of economic development. While the threshold value resembles the rule-of-thumb often used to recommend the VAT threshold, the margins of behavior between the VAT and a turnover tax are very different.
A potentially important omission from our model is the economies of scope for taxpayer compliance and tax administration that may arise from using the same threshold for the presumptive tax on turnover as the VAT threshold. The joint determination of the thresholds for VAT and presumptive income taxation is an area for future research. 31 The model assumes full compliance but allows for firms to restrict their output to remain below the threshold (bunching). Concerns frequently expressed, that presumptive tax regimes discourage small firms from growing, because they prefer not to be subjected to the regular corporate income tax, attest to the relevance of this form of adjustment of production.
Future work can consider the additional possibility that firms remain below the threshold by concealing their actual sales (Waseem, 2018) . Thus, J(c) intersects K(c) from below at a unique valueĉ * . (We do not require the curves to be concave or convex.)
Now, consider the effect of the term (1 − t c ) on the left-hand side of (45).
Its effect is to rotate J(c) downward from a fixed base at c = p; each point on the curve moves down by a fixed proportion 1 − t c . Figure 7 illustrates the rotation in the curve. The curves (1 − t c )J(c) and K(c) intersect at c * . The slope of (1 − t c )J(c) is always greater than the slope of J(c) (i.e., "less negative"). Furthermore, we will show that, at c * , the slope of J(c)
is greater than the slope of K(c) ("less negative"), which implies that the curve (1 − t c )J(c) must always cut the curve K(c) from below. We have p R > p P at every point to the right ofĉ * and c * >ĉ * ; it follows that the 4. For strict quasi-concavity, we will establish that D 4 (c) is increasing over
